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A solution is obtained for the problem of the propagation of elec-
tromagnetic waves of arbitrary form through a plasma boundary on
condition that the length of the wave train is much greater than the
wave length. A solution is found both for the case of a wide spectrum
of width Aw much greater than the plasma frequency wy, as well as
for a narrow spectrum. The results obtained enable us to draw conclu-
sions about the time and space variation of the shape of electromag-~
netic pulses in a plasma.,

The passage of high frequency electromagnetic waves through a
plasma is similar to that of a beam of charged particles [1, 2] This
is associated with the fact that decay processes are similar to Cerenkov
radiation effects. The dynamics of the development of transverse
wave instabilities in a uniform isotropic plasma were studied in [2]
assumning that the wave phase behaves stochastically. It was calculated
here that instabilities develop quite differently in the case of a wide
frequency spectrum than in the case of a narrow "monochromatic”
spectrum. If we can speak of transverse quanta diffusion effects in
the "field” of the generated longitudinal quanta in the first case, and
if the resulting effects are closely similar to the nonlinear effects aris-
ing when beam instability develops [3, 4], then the development of
instabilities in the case of a narrow spectrum leads to the appearance
of red satellites in the transverse wave spectrum differing from the
basic frequency w by a quantity vwy (v =1, 2, 3,...). In this case
the development of the instability corresponds to a tendency for a
plateau over the satellites to appear.

Attention should however be drawn to the fact that the dynamics
of instability development in a semibounded plasma may be quite
different. This is associated first with the different values of group
velocities of transverse and longitudinal waves, and what is also im-
portant, with the effect of longitudinal wave accumulation in the
boundary region if the length of the wave train is sufficiently large.
The treatment of a similar problem for beam instabilities in paper
[5] showed that a narrow transition layer may arise with a transverse
wave energy density greatly in excess of the energy density of the
injected beam. In what follows we examine the part played by bound-
ary effects in the passage of pulses of electromagnetic waves through
the boundary of the plasma. The cases of both narrow and wide spectra
are considered. We note that in the case of narrow spectra the wave
train must necessarily be greatly in excess of Aw™, and the effects of
the accumulation of oscillations will be appreciable.

The phases of both transverse waves, and also generated longitudi=~
nal waves are assumed to be stochastic quantities. The boundary ef-
fects which have been treated may be applied both in the generation
of longitudinal waves necessary for the effective acceleration of parti~
cles in a plasma as well as in the modulation and alteration of the
initial transverse wave spectrum. It should also be stressed that these
effects which have been considered could be applied for turbulent
plasma diagnostics, as has already been pointed out in [2].

§1, The dynamics of the passage of "monochro-
matic" electromagnetic wave pulses through a plasma
boundary. 1°. We shall consider the interaction dy-
namics of the spectrum of a transverse wave impulse
under the conditions Aw « w, confining ourselves to
effects associated with the appearance of one of the
satellites w + w,. Strictly speaking, such an approxi-
mation is valid only in a one dimensional model, since
in this case the longitudinal waves generated on the
appearance of the satellite w + w,, do not participate

in a further transfer of energy through the spectrum,
A similar situation is possible only when there is a
strong magnetic field present in the plasma, in the
direction of the beam of incident transverse waves [7].
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Tig. 1. The variation with
time of the spatial distribu~
tion of longitudinal noise in
a plasma in the case when
the incident wave is Nj.

Under the conditions Aw <« w, the equations of pa-
per [2] describing the dynamics for the appearance of
the first satellite may be written in the form
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when the variation of wave intensity in space is taken
into account (the velocity of light is taken to be ¢ = 1).
Here Ny(t, x, kt), Ny(t, x, ki) are one-dimensional
wave distribution functions for the fundamental fre-
quency and the first satellite w — w;; V, and Vy are
the group velocities of the waves w and w — w,, N is
a one-dimensional distribution function for longitudi-
nal waves, k¢ here and in what follows is the trans-
verse wave number, while k; is the longitudinal wave
number., Compared with Eqs. (49)~(51) of paper [2],
the terms N)N; are not taken into account. This turns
out to be valid for w » w, with an accuracy to the or-
der of terms (wo/w)3 Moreover terms with VZEN /ox
are omitted here where V! is the group velocity of
longitudinal waves since it is assumed that the elec-
tromagnetic wave pulse is sufficiently short so that
in the time for the waves to pass through the plasma
the longitudinal wave energy cannot be transferred
over a notable distance from the region where they
were excited by transverse waves, Moreover in view
of the inequality w >» w), we have V; = Vi = V = 1,
i.e., the group velocities of the high-frequency trans-
verse waves differ little from the velocity of light.
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In this case it follows from (1.1), (1.2) that
E: 3
(5 +V 5 Mo Ny) =0, (1.4)

which gives

No(t, z) + Ny (8, ) = A (B), E==z—Vi. (1.5)
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Fig. 2. The change of pulse

shape Nj on passing through

the plasma: a) pulse shape

on entering the plasma; b)

pulse shape on leaving the
plasma.

We shall assume that for t = 0 the leading edge of
the pulse reaches the plasma boundary (x = 0). If we
are interested in the effect occurring in a relatively
quiet plasma at t = 0 in which the noise intensity is
sufficiently small, i.e.,

N <L N@©,  or W0)<2w (), (1.6)
then the development is accompanied by the fransition

Ny, — Nj, and the wave Ny must be taken as the inci-
dent wave, i.e.,

A (z) = N,y (0, 2). .7

However, if we are interested in the effect arising
in an excited turbulent plasma when the inverse in-
equality to (1.6) is fulfilled, then the development of
instabilities corresponds to the transitions Ny — N,
and

A(z) =N, 2). (1.8)

The formal solution of Eq. (1.3) has the form

NU(t, z) = NlozeXp[g§ lo— Ny) ]

[{]

We shall assume that the initial noise is homoge-
neous for x > 0; then

N0, z) == 8 (x) N},
N;' = const,

1 (>0,
6(3&):{0 <9 1.9)

We shall investigate the solution for x > 0. We in-
troduce

t
z(t, z) =S(No (t',z)— Ny (¢, z))dt’. (1.10)
[}
It follows from (1.5), (1.10) that
A a
No(t, 2) = 40 4. %2 1.11)

Setting (1.11) in (1.1) and allowing for the fact that
(8/0t + Va/0x)A(¢) = 0, we obtain

2 {a': |y 9%
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We may easily find the constant in the conservation
law if we remember that z = 0, 8z/8t = 0 for x > 0,
t=0:

0z
ar g g Nillexp(2) —1] = 0. (1.13)
The solution of (1.13) has the form
In [1 — exp (— B2)] = — 2aNit + A (). (1.14)

The function A (£) must be determined from the
boundary condition,

2°, Let a pulse Ny be incident on a plasma with a
low initial level of longitudinal noise. We then have

—Vt
z (1, 0):—%, 5 A(8)dE (#=0).
From here
AR =— 2 g it —y @),

pE =L @), J<§)=§ (&) dE'. (1.15)

0
The solution will have the form
YeAE) (L —s(@) + 4 E)V(E)s (x)
1—s(@)+PE)s(2)
s (x) = exp (—7N1:¢:>.
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(1.16)
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Fig. 3. The change of pulse

shape Nj on passing through

the plasma: a) pulse shape

on entering the plasma; b)

pulse shape on leaving the
plasma.

The result obtained (1. 16) describes the change
of shape of the pulse in space and time, It is also con-
venient to write the expression for the change in in-
tengity of longitudinal plasma waves

N 2) = e .
; T—s@1 9@

(1.17)

For not very large x (x <« Vt, x <« V/ozN%) this
formula simplifies and assumes the form

2 __ B Aq
Nty 2) = 5= Ao (1.18)

T Agexp[— 7 (T — v
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Here
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Here 1° is the relaxation time for the transverse
wave pulse in an unbounded plasma, A; is the maxi~-
mum value of A in the pulse. The energy distribution
of plasma oscillationg as a function of x and t is shown
in Fig. 1 for t > 7°; N is maximum in 2 narrow layer
A close to the plasma boundary

A= Agexp [—v (v — 191,

For t > 7° this layer migrates according to an ex-
ponential law towards the left plasma beundary as
time passes. The quantity N! also increases expo-
nentially with time in this layer. The formulas ob-
tained for N are applicable for { which are not very
large:

yi
exp [— 7 {T— 1) >~

For large t the transfer of plasma oscillation en-
ergy becomes appreciable and this leads to saturation
for

Nl A% V - B4
Nzarl >4 (an = S2).

Here A* is the maximum value of N in the devel-
opment of instabilities in an unbounded plasma. In the
case under consideration the maximum energy of lon-
gitudinal oscillations is of the order*

Wit @ V.
-~ oyl

Fig. 4. The spatial distribu~
tion of longitudinal noise in
a plasma for different values
of t in the case when the in~-
cident wave is Nj.

*Tt should be noted that in some cases the satura-
tion of longitudinal oscillation energy may be asso-
ciated with nonlinear wave interaction, and in the first
place with induced scattering of longitudinal oscilla-
tions of particles in the plasma leading to a transfer
of energy from these oscillations to the nonresonance
part of the spectrum, In these cases saturation will
occur for smaller N,

If the plasma is hounded to a dimension of order L,
then on leaving the plasma the pulse will be of the
form

No (&) = 4 (&) /ui*—ﬂ N +‘P(Q)5(L‘_

.
Xt AT ) (.19

Fig. 5. The distribution func-
tion of transverse "noise,” Nt
is the stable distributionwith a
“plateau," n;mn kmax Kmm + Ak
are the plateau boundaries.

We note that the variation of pulse shape is differ-
ent in the two cases

ZaN 'L 2a

< 1.

>1,

In the first case there is a proportional decrease
in intensity with a negligible change of shape:

ZocN 'L

No (&)~ 44 for > 1.

In the second case a radical change of pulse shape
is possible:

NIV L9 g 2cw

Ny (§) = 4 (E)mw {1.20)

L<1.

By way of an example we shali consider a wiangular form pulse
of length Ty, when A(¥) may be written in the form

6 (< ~VTy),
240{§ +VTo)/ VT (= VT <TE VT,
A® =24 /vy (~VTo<z <o), (D
0 (>0
Then the expression (1.15) for J(£) is
e d () ==
0 (E>0),
_ Aok /YTy =32V Ty < E < 0),
T AV AT (VT0)R — (£ - VTP (— VT < E < — ¥V 1),
oAV T (£ <~ VTq). (1.22)

It follows from (1.20), {1.22) that the pulse shape remains quite
unchanged in the region close to £ =0, then just as in the case when
the pulse length is fairly large, the pulse decreases frorn A to (1/2)A
(see Fig. 2) as £ decreases.

Using (1.22) and (1.17) we obtain the following formula for the
plasma wave distribution after the pulse bas traversed the plasma:

1\’ l

¥ ““i___o{];/.J’ 3(5!:)8‘{_{)(»— VAT (1,23)

e
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3°. We shall consider effects which arise when the
incident wave is Ny. In this case, according to (1.7),
(1.15), we obtain

—Vi

2(,0) = | 4@,

o

e el s (D] s (L) ()
MO =40 o romve

We can easily see that the picture which arises in
this case is in some sense the opposite to that ob-
tained above. Namely, for a low level of initial noise,
i.e., for

2aN;!

A L<t (1.24)
the changes of pulse intensity and shape are negligibly
small. However by the inverse inequality to (1.24)

Ny @) =A@ P

TV {.29)

For £ = 0 there is a maximum change in the pulse
N (&) ~ A(£)/2, and for £ which satisfy the relation

%SA(E’)dE'z@TJ,ViL (1.26)

g

the pulse shape approaches the initial (indicated in
Fig. 3).

It should be stressed that in this case the charac-
teristic £ for which a change in the spectrum occurs
depends on the initial energy of the plasma oscilla-
tions according to a power law, i.e., fairly strongly,
while in the first case the dependence was logarithmic
[compare (1.25) and (1.20)]. Finally for the variation
in plasma wave intensity in the case under considera-
tion we have, after the pulse has passed

N

Loy
N'(z) = T_5(@) + s (@ exp (/BAcTa) *

(1.27)

In the given case there is a decrease in the inten-
sity of oscillations, while the maximum effect occurs
for x = 0:

N (0) = Nlexp (— B AT) .
If

Y PAT, < 20N/L 1V, (1.28)

then there is a decrease to the value

T L ANTo ()
If the inverse relation to (1.28) is fulfilled, the
intensity of the oscillations decreases proportionally

along the entire length of the plasma. It should be
stressed that the longitudinal wave distribution within
the plagsma has a behavior in time which is the oppo-
site to that considered in Paragraph 2 for the case

of a low initial noise level of longitudinal oscillations.
Namely (see Fig. 4), the region where the field of

plasma oscillations has decreased considerably, is
situated close to the boundary x = 0 and moves lin-
early

By
By 5 2a

towards the other boundary of the plasma. This is
explained by the fact that a beam of transverse waves
on passing into the plasma leads to the damping of
plasma oscillation energy for small x at first, and the
remaining parts of the beam pulse pass through the
regions of small x unhindered and lead to wave damp-
ing for large x. We note that linear movement occurs
for those values of x for which A(£) = const(A = Ay).

§2, The passage of blurred pulses of electromag-
netic waves through a plasma division boundary. 1°,
In the case where the incident pulse has a wide fre-
quency spectrum (Aw > w,) the diffusion approxima-
tion must be used to describe the change in transverse
Nt(kt) and longitudinal N!(k;) wave numbers. The sys-
tem of equations in this case is similar to the quasi-
linear system

aN! aN' a8 N a.zvf>
ot 8z~ Bmm,? 0k ( kE Ok )’
ON! _ elwoky s ONY
at — Sum}? N ok * @.1)

As in the preceding paragraph, in (2,1) terms pro-
portional to NENt and vlan? /8x are neglected; k¢ and Kl
in (2.1) are connected by the law of conservation of
energy on decay:

WV =0y (V= VT;-—t—;‘ﬁT;Z) @.2)

Equations (2.1) are similar to those investigated
in paper [5]. We shall thus confine ourselves to a
brief exposition of the results which may be obtained
in a similar manner to those in paper [5]. Let the
spectrum of transverse waves incident on the plasma
have a maximum for k¢ >» k¢* > T/l (Fig. 5).

The energy integral of system (2.1) is used, and
keeping in mind that the incident pulse has a triangular
form of length t,

N (O =N 10t —1)—0(—5]  (2.3)

we obtain for sufficiently large t (t > 7;) the following
relation for the energy of the oscillations concentrated
in the layer 0 < x < Ag:

A, ky
Z PR ,
\ Mz = 25\ (V! — N dk! [ta+ (t— 19)8 (6o — D),
[ ktmin
__ePwok Wy .
T 8mm2Ak, Ao =V,
1 Weo L Ak
Wl Wl =G @

Here 7, is the pulse relaxation time in an unbounded
plasma, v is the time increment, Wg and WlDo are the
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initial and final energies of the plasma waves for the
development of an instability in an unbounded plasma,
NEO is the stable transverse wave distribution with a
plateau (Fig. 5).

Thus the mean energy of plasma waves for t < t;
increases linearly with t and for t > 7, is greater by
a factor t/7, than the quantity

K
N — k2 S (Noot—Not) dk,’

klmin

corresponding to the level of longitudinal noise gener-
ated in an unbounded plasma. As the plasma oscilla-
tion energy increases the length A over which pulse
relaxation occurs should decrease, while just as in
[6] and in the case considered in §1, the variation of
A with time is determined by the approximate formula

A=Agexp[—y(t—T)] (E<t).  (2.5)

It should be stressed that just as in the case of a
discrete spectrum the distribution function Nt which
decreases monotonically with ki may become unstable
in the presence of intense longitudinal noise. The de-
velopment of instability leads to the appearance of a
plateau in the region k¢ in which there was intense
longitudinal noise.

2°, In the case when the interval k¢ in which a
change in the transverse wave spectrum occurs, is
sufficiently small (Aks « ki), we may obtain a similar
solution to the problem. We shall seek the solution of
(2.1) in the form

N' = N + B (t, 2) (b — k°),
N = Y,C @, 0) [AR2 — (b — Kk°)?l. @.6)

The system of equations obtained for B and C has
the form

3B 4B ac
_5T+V°a_x:_alBC’ 7:BIBC, 2.7)
where
€25 e*wok° g
0 Gk L= gm0 Vo= VD)

As in §1 this system may be solved by introducing
the variable

i
T = SB(t', 2yt
0
We shall confine ourselves to presenting the final

results

51 (®) Yu (£)
Bt x) =B, E) T @ Fa@mheE

C(tyz) = Co(h —51(2) + s1(2) L (BN, 2.8)

T=z—Vgt; s1(x)=exp(— 2a,Cp%),

:
¥y (B) = exp(%—SBo(E’) dg'). 2.9)

In these formulas By(¢) determines the shape of
the pulse incident on the plasma boundary, i.e.,

B(0,2) =B, (z) (#<0,t=0), C (0, z) = Cyf ().

Here C; is the initial level of the longitudinal noise,

3°. Finally we should consider the case when fairly
long pulses pass through the plasma, for which the
energy transfer of the plasma oscillations is appreci-
able. Leaving the general solution in this case we
only note that for a long injection, for example N, if
t, > L/V] (L is the width of the plasma layer, t; is the
injection time), a stationary distribution of longitudi-
nal waves is established. N! increases from a mini-
mum value at the plasma boundary to a maximum
where saturation occurs, at a distance of Vl/y, where
v is the time increment obtained in [2]. Here the max-
imum value of N’ is V/VI ~ 1/Vr2I\ times greater than
for the time problem treated in paper [2].

The authors are grateful to Ya. B. Fainberg, M. 8.
Rabinovich, 1. 8. Danilkin, and M. D. Raizer for
their interest in the paper and for valuable criticisms,
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